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Abstract Wave-like disturbances have been observed in the ionospheric plasma for several decades using a
wide range of remote sensing techniques. In this paper, the use of Dynasonde-derived ionospheric “tilt”
measurements is demonstrated to determine the dominant features of the underlying acoustic gravity wave
spectrum and its height variation. The diurnal ionospheric variability introduces data gaps of varying length and
distribution at any constant height level. This excludes the use of conventional fast Fourier transform techniques for
spectral calculations. To obtain a complete and accurate image of the height variability of the wave activity in the
thermosphere-ionosphere, a method is required that would provide physically comparable results at all altitudes,
regardless of the variations in sampling. In addition, the true geophysical variability should be distinguished from
overlapping noise. The proposed solution is a combination of the well-known Lomb-Scargle and Welch methods,
with the dataset of interest being divided into several overlapping subintervals and the mean spectrum calculated
using results for those subintervals for which the power spectral density integral equals the time domain variance
within a preset tolerance. The choice of the tolerance value is justified by means of numerical simulations using
synthetic data similar to the tilt measurements. The proposed method is verified using a 10day long dataset
obtained with the Wallops Island Dynasonde. Results obtained with this method are compared in this paper with
those obtained with a basic implementation and with a filtering method based on the amount of available data. A
considerable reduction in the number of artifacts is observed with the use of this innovative approach, allowing
reliable conclusions to be derived regarding the acoustic gravity wave spectrum and its height variability.

1. Introduction

An unprecedented amount of ionospheric data has become available in recent years from ground-based
radars compatible with the Dynasonde method. This study aims to demonstrate the possibility of using
Dynasonde data for the study of the dominant gravity wave spectrum in the thermosphere-ionosphere while
also presenting an innovative method of estimating the mean power spectral density (PSD) of a time series
containing data gaps. It has previously been demonstrated that Dynasonde tilt data can be used to fill the
existing gap in tidal measurements in the thermosphere-ionosphere [Negrea et al., 2015]. The part of the
spectrum associated with acoustic gravity waves (AGW) is thought to have smaller amplitude, while it is also
fairly smooth (no dominant spectral harmonics, such as that associated with the diurnal tide) and continuous
over time periods covering several days or more [e.g., Djuth et al., 2010]. Recent work into estimating the PSD
of a time series that does not contain high-amplitude harmonics has shown that this is difficult even if small
data gaps are present (C. Munteanu, C. Negrea, M. Echim, and K. Mursula, Effect of data gaps: Comparison of
different spectral analysis methods, submitted to Annales Geophysicae, 2015).

The estimation of the PSD associated with a time series is a general problem encountered in many branches
of science. For the case of a uniformly sampled signal, the problem is trivial and immediately addressed by
use of the well-known fast Fourier transform algorithm (FFT). However, in many cases the data series contains
gaps of varying size and disposition. For the particular case of Dynasonde data, the normal diurnal variability
of the ionosphere introduces significant data gaps at most altitudes. More advanced methods can be used to
estimate the PSD of such time series. One frequently used is the Lomb-Scargle method [Lomb, 1976; Scargle,
1982, 1989; Press and Rybicki, 1989; Hocke, 1998; Hocke and Kämpfer, 2009]. However, no universally valid
method is known to determine an orthogonal frequency set for a nonuniformly sampled time series.
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Because the frequency set is not orthogonal, the power contained in a given frequency band is not indepen-
dent of the effective power contained in other frequency bands. This causes a multitude of possible errors
that are difficult to diagnose based purely on theoretical considerations.

The AGW spectrum is known to be highly variable in the thermosphere-ionosphere and is generally observed
using the induced traveling ionospheric disturbances (TIDs) as tracers. The presence of TIDs can impact GPS
accuracy [Hernandez-Pajares et al., 2006], and their eventual dissipation can change the effect the background
neutral winds [Yigit et al., 2009; Vadas et al., 2014] and the spectrum of tidal waves [Walterscheid et al., 1987;
Vadas et al., 2014]. Despite the availability of data obtained with several remote sensing techniques, Super
Dual Auroral Radar Network (SuperDARN) [Bristow et al., 1996], incoherent scatter radar (ISR) [Nicolls and
Heinselman, 2007; Nicolls et al., 2014], GPS total electron content (TEC) [Kotake et al., 2006], and 630nm airglow
imagers [Shiokawa et al., 2003], the existing knowledge regarding the TID spectrum is constrained by either
limited temporal coverage or a limited altitude range and lack of height-stratified data.

The goal here is to extract the dominant mean wave spectrum characterizing time intervals of at least several
days and over a wide altitude range, using theDynasonde tilt measurements at Wallops Island, VA. In such cases,
the Welch method is typically used [Welch, 1967], splitting the available data into a number of overlapping
subintervals. Under the assumption that the dominant variability has Gaussian statistics, averaging the power
spectra obtained for all subintervals would yield the mean power spectrum characterizing the entire dataset.

The proposed method is a combination of the Lomb-Scargle and Welch methods, where for each subinterval
a PSD is calculated using a Lomb-Scargle implementation and subintervals for which the time domain var-
iance does not equal the PSD integral within a reasonable uncertainty are discarded. While the focus here
is on ionospheric data and the AGW spectrum, the method we propose is based on fundamental principles
and as such it is applicable to a variety of data types.

The paper is structured as follows: Section 2 discusses the difficulties introduced by the natural ionospheric
variability and describes the proposed solution. In section 3, an estimate of the error introduced by the
presence of noise superimposed onto the intended signal is determined. Section 4 shows the results of this
method when processing real ionospheric tilt data and compares this result with those obtained using two
other possible approaches. Finally, section 5 contains conclusions and a brief discussion.

2. Dynasonde Data

The data used are a 10day long dataset from 2 October to 11 October 2013, obtained using the Vertical
Incidence Pulsed Ionospheric Radar (VIPIR) radar system at Wallops Island, VA [Grubb et al., 2008], at a 2min
cadence, allowing for the study of waves with frequencies of up to 4.14mHz. The raw data were processed
using the software analysis package based on Dynasonde principles [Paul et al., 1974; Wright and Pitteway,
1979, 1982, 1999;Wright et al., 1980; Pitteway and Wright, 1992], a component of which is the NeXtYZ inversion
procedure [Zabotin et al., 2006]. The results are the parameters of the wedge stratified ionosphere model (WSI),
which describes the local 3-D electron density distribution. The model assumes a series of electron densities Nei

at a series of heights hi along the vertical axis, with the added feature that each electron density value corre-
sponds to a portion of a slant plane. The electron density in the region between two adjacent planes (which
has the shape of a wedge) depends monotonically on the ratio of distances to the planes. The horizontal com-
ponents nx, ny of the normal vector of each plane are referred to as “tilts,” rigorously defined as

n ¼ nx ; ny ; nz
� � ¼ ∇Ne

∇Nej j (1)

The resulting outputs are a set of height profiles of electron density X (west-east) and Y (south-north) tilts and
Doppler velocity height-stratified profiles. The focus of this work is the tilt data, since this parameter is ideal
for the study of wave activity for several reasons. First, a wave propagating through the thermospheric gas
that induces a wave-like variation of the local electron density [Fritts and Alexander, 2003; Nicolls et al., 2014]

Ne tð Þ ¼ Ne0 e
i k�r�ωtð Þ (2)

must necessarily produce a wave-like variation of the tilts

nx;y ¼ kx;y
∇Nej jNe0 e

i k�r�ωtð Þ (3)

where Ne0 is the amplitude of the wave with ground-based angular frequencyω=ω0� u � k,ω0 is the intrinsic
wave frequency, k= (kx, ky, kz) is the wave vector, u is the neutral wind vector, r is the position vector, and t is
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the time. Second, the two tilt components provide differentiation between waves propagating in different
directions through the kx,y term in equation (3). While the tilt measurements are currently unique to the
Dynasonde technique, they are unambiguously related to the horizontal components of the electron density
gradient, which has been previously used to determine the parameters associated with gravity-wave-
induced TIDs [Oliver et al., 1994; Oliver et al., 1995].

Figure 1 shows the entire tilt data obtained at Wallops Island within the 10day interval (2–11 October 2013).
Note the variability of the altitude coverage of the data, with the day-to-night and the night-to-day transitions
as a prominent feature. A more detailed image is necessary to highlight the individual wave signatures in
the data. Figure 2 shows the X and Y tilt data covering only 24h during 5 October 2013. Here the slightly inclined
wave fronts (indicating downward phase propagation) characteristic of AGWs are clearly visible throughoutmost
of the interval, with the dominant waves characterized by periods ranging from several minutes to a few hours.

3. Lomb-Scargle Method

Both Figures 1 and 2 show that at any given altitude, there is a nonuniformly sampled time series when con-
sidering periods of several days. An average power spectrum characterizing these data can be obtained by
using the Lomb-Scargle method. The latter is essentially an implementation of the least squares fit that yields
the power spectrum P(f) associated with a given time series as

P fð Þ ¼ 1
N

∑i xi � xð Þ cosω ti � τð Þð Þ2
∑i cos2ω ti � τð Þ þ ∑i xi � xð Þ sin ω ti � τð Þð Þ2

∑i sin2ω ti � τð Þ

" #
(4)

Figure 1. Temporal and altitude variability of the (a) west-east and (b) south-north tilt data. The dataset was obtained at
Wallops Island, VA, and it covers the time interval from 2 October to 11 October 2013.
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with the parameters x ¼ 1
N ∑i

xi , tan 2ωτð Þ ¼ ∑isin2ωti
∑icos2ωti

, ω= 2πf is the angular frequency, and N is the size of the
dataset (ti, xi). The method is widely used for spectral analysis of nonuniformly sampled data in a variety of
scientific fields [Horne and Baliunas, 1986; Schimmel, 2001; Thong et al., 2004; Zhou et al., 1997].

Results of spectral calculations performed with a large time series can be subject to significant variations.
Additional complications may be caused by inevitable noise in the data. Assuming that this noise has a zero
mean, the approach described byWelch [1967] can be used tomitigate the problem. TheWelchmethod is used
to determine themean PSDby dividing the data into overlapping subintervals, calculating the PSD for each sub-
interval, and finally averaging results for all subintervals. This approach is typically used with a FFT implementa-
tion, but using the technique in conjunction with the Lomb-Scargle method is perfectly valid.

As shown by Munteanu et al. (submitted manuscript, 2015), existing spectral analysis techniques suffer from
higher errors and biases in the presence of extensive data gaps. These caveats can be negligible if the spec-
tral features of interest are very high amplitude and narrow bandwidth, such as tidal harmonics [Negrea et al.,
2015], and it may also be possible to impose frequency-dependent criteria to determine the validity of such
peaks [Baluev, 2008]. For the frequency range affected by thermospheric AGWs, the mean amplitudes over
longer time intervals are generally smaller than those of tidal modes. In contrast, the associated bandwidth
is much larger and the overall shape of the spectrum smoother. Tests performed by Munteanu et al.
(submitted manuscript, 2015) using data characterized by a similarly “smooth” spectrum have shown that if
more than 10–20% of the entire time series is removed, the resulting error in the final result is significant
and frequency dependent, leading to a spectrum that is deformed when compared to the expected result.

In the case of the AGW spectrum, applying a filtering criterion of statistical significance would excludemost of
the wave activity characterized by smaller amplitudes. The approach suggested here uses an integral

Figure 2. Same as Figure 1 but covering only 24 h on 5 October 2013. The slightly inclined strips are indicative of the phase
fronts created by upward propagating AGWs.
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criterion to establish the validity of a
whole PSD as opposed to individual
harmonics. For a dataset character-
ized by a stationary spectrum and
with minimal or no noise, the PSD
must follow the identity

∑Nf
1 Pi · tN � t1ð Þ � Δf i ¼ σ2 (5)

where Pi is the power calculated for
frequency bin Δfi using equation (4),
Nf is the total number of frequency
bins, tN� t1 is the length of the time
interval considered, and σ2 is the
variance in the time domain.

4. Synthetic Data Testing

In the case of real data, equation (5) is
fulfilled only approximately

∑Nf
1 Pi · tN � t1ð Þ � Δf i þ ξ ¼ σ2 (6)

where the extra term ξ sums up the
effect due to noise and nonstationar-

ity and for our purposes can be interpreted as an error. To determine an upper boundary for ξ , a test has been
devised using synthetic data.

One hundred synthetic time series have been generated using an amplitude spectrum A(f) that follows a
gamma distribution:

A fð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2
N
P fð Þ

r
¼ A0·F f ; α; βð Þ þ B0 (7)

where F f ; α; βð Þ ¼ 1

∫
∞

0 xα�1e�αdα

� �
βα
f α�1e�

f
β is the standard gamma probability density function, α is the shape

parameter, varying from 1.05 to 4.8, and β is the scale parameter, varying from 3 · 10�4 to 6.5 · 10�4. A further
scaling factor A0 of 1.1 · 10

�5 and a uniform background level B0 of 3.5 · 10
�3 are applied. The time series equiva-

lent to this spectrum is determined, and, finally, the resulting “dataset” is “polluted” using Gaussian distributed
noise with mean zero and 2 · 10�2 variance. The resulting datasets each contain 7200 points and are intended
to mimic the expected thermospheric AGW spectrum, with the added noise component also introducing a
degree of nonstationarity. Figure 3 shows the full set of PSDs characterizing the synthetic datasets.

The time series generated for each test case is separated into subintervals 120 points long, with a 10-point
overlap. For each subinterval, both the time domain variance and the PSD integral are calculated and the

relative errorΔξ ¼ ∑Nf
1 Pi · tN � t1ð Þ � Δf i � σ2

� �
=σ2 is determined. Figure 4 shows the maximum value for Δξ

obtained in any of the 65 subintervals in each test case. The values tend to locate between 2 and 4%, with a
number of four outliers approaching 5%. For the purpose of our calculations with Dynasonde tilt data,
based on the results shown in Figure 4, a maximum acceptable value of ξ0 = 0.04 · σ2 for ξ will be used to
determine the validity of individual subintervals. Assuming a Gaussian distribution to the values of Δξ ,
the chosen 4% value encompasses 96% of the obtained values or approximately double the standard
deviation.

5. Results With Nonuniformly Sampled Dynasonde Data

Determining the correct power spectrum is essential for understanding the AGW properties in the
thermosphere-ionosphere and their subsequent impact. Because of the very different sampling throughout
the altitude range of interest, it is essential that results at different heights be equivalent in their physical

Figure 3. Power spectra characterizing the synthetic datasets. The dominant
structure is similar to that produced due to the height variation of the AGW
spectrum. The fine granular structure is due to the added noise term in
equation (7).
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meaning. This is accomplished by using
the method described in section 3 with
an added oversampling factor of 10
[Press et al., 1992], in conjunction with
the threshold of 4% on Δξ , as obtained
in section 4. To highlight the impor-
tance of filtering and of the derived
criterion, the tilt power spectrum is
calculated for the selected 10 day
dataset in October 2013 using three
methods. First this is achieved using
our proposed approach; second, this is
done with a filtering criterion based
solely on the size of the data gaps
and, third, with no filtering at all. In all
three cases, the subinterval length
was 4 h with an overlap of 20min
between adjacent subintervals.

Figure 5 shows the X tilt power spectra
corresponding to the data shown in
Figure 1. No filtering criteria were
imposed, and as such, the averaging

was performed using results for all subintervals that contained a minimum of 10 data points. The resulting aver-
age spectra contain several questionable features, such as the sudden changes in the background level around
210, 240, and 260 km. Below 150 km, the decrease in the number of subintervals causes an increase in the noise
level, making interpretation difficult. Using this result, one could erroneously arrive at the conclusion that the
waves propagating from lower altitudes are steadily attenuated as they reach higher altitudes but have a higher
level of wave activity between 210 and 240 km and above 260 km. This would imply some wave sources that are
not directly linked to typical forcings in the lower atmosphere, a situation that, while possible, is highly unlikely.
Since the buoyancy frequency decreases with altitude in the thermosphere, the highest intrinsic frequency at
which nonevanescent gravity waves may exist also decreases with altitude.

Imposing a filtering criterion that is entirely based on the amount of data available produces better results,
as can be observed in Figure 6. In this case, the mean spectrum was obtained using only those subintervals

that contained a minimum of 80% of
the ideal number of data points. The
apparent quality of the result in
Figure 6 is better than that in Figure 5,
with some of the questionable features
removed. Note that the overall height
variation of the spectra is similar in
the two figures, but the fine structure
is more clearly defined in Figure 6.
The background level above 260 km is
again higher than that observed imme-
diately below 260 km. This appears
unrealistic, since the buoyancy fre-
quency decreases with altitude, which
would prevent the effective propaga-
tion of high-frequency components of
the spectrum. It is much more likely
that this is an artifact caused by the
limited amount of data available above
260 km: the impact of a small number

Figure 4. Maximum percent error obtained for each test case using a sub-
interval size of 120 points. The majority of the values are between 0.02 and
0.04, with four outliers closer to 0.05. Based on this result, a value of
ξ0 = 0.04 · σ2 is chosen as the maximum accepted error.

Figure 5. X tilt power spectra calculated using the Lomb-Scargle andWelch
methods, with no restrictions on the number of points per subintervals and
power spectral density integral. The superimposed white line shows the
number of subintervals that were used at each altitude to calculate the
mean power spectra.
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of erroneous spectra is augmented as the
number of valid subintervals decreases. A
threshold could be imposed to discard
results calculated using a smaller number
of subintervals. However, such a criterion
could be somewhat subjective.

Finally, Figures 7 and 8 show the X and Y
tilt power spectra calculated using our
proposed method with a 4% threshold
imposed on Δξ . This approach has the
starting advantage of being based on
fundamental theoretical principles that
remove the possible impact of subjec-
tivity and assure that results obtained
at different altitudes, times, and loca-
tions can be used for quantitative
comparisons. Figure 7, when compared
to Figures 5 and 6, is in much better
agreement with existing knowledge on

the height dependence of the AGW spectrum [e.g., Djuth et al. [2010]]. Note that as the number of subinter-
vals in Figures 7 and 8 approaches 1, the results become noisier. This is because in these cases our method
reduces to the classic Lomb-Scargle method, without the added noise reduction of the Welch method.

The approach proposed in this study produces a set of power spectra without introducing height-dependent
artifacts while reducing noise as much as possible, allowing for valuable information on the average AGW
activity to be obtained. At Wallops Island, for the time interval from 2 October to 11 October 2013, the height
dependence of the wave spectrum is characterized by the slant shape, as can be observed in Figures 7 and 8,
with the peak frequency of observed waves decreasing with height. Note that conclusions about
maximum/minimumobserved frequency can be biased by the choice of the dynamic range of the color scale,
which is only 15 dB for these illustrations. Due to the natural ionospheric variability, the height interval from
80 km up to 220–240 km is mostly indicative of daytime wave activity, and the height interval from 220–240
to 280 km is mostly indicative of nighttime wave activity. A broadbandmaximum in the spectrum of both tilts
is observed between 180 and 220–230 km and at frequencies between 0.1 and 0.8mHz. A second maximum
is observed in the X tilt spectrum between 220 and 280 km at frequencies below 0.2mHz. This implies a

transfer of energy from waves with
periods of several tens of minutes to
waves with periods of more than 1h as
we move up in the altitude. This is likely
due to nonlinear interactions [Angelats i
Coll and Forbes, 2002] in addition to
energy transfer from AGWs to the mean
thermospheric flow and wave reflection
due to critical layers [Vadas, 2007, Godin,
2014]. The higher spectral amplitudes
more abundant in Figure 7 indicate a pre-
ferred direction of propagation in the
horizontal plane along the west-east axis.
This appears to be more pronounced
above 220 km. The propagation direc-
tions of gravity waves are known to vary
significantly with season and geographi-
cal position, and different results may
be obtained for a different Dynasonde
station or time of year.

Figure 6. X tilt power spectra calculated using the Lomb-Scargle andWelch
methods, discarding subintervals with less than 80% of the ideal number of
points. The superimposed white line shows the number of subintervals that
were used at each altitude to calculate the mean power spectra.

Figure 7. X (south-north) tilt power spectra calculated using the Lomb-
Scargle and Welch methods, with a maximum tolerable error, Δξ of 4%.
The superimposed white line shows the number of subintervals that were
used at each altitude in order to calculate the mean power spectrum.
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6. Conclusions and
Discussion

This study has shown that Dynasonde
tilt measurements are an extremely
valuable resource for the study of
acoustic gravity wave activity in the
thermosphere-ionosphere. Due to the
natural variability of the ionosphere,
an example of which is shown in
Figure 1, traditional approaches for
the calculation of the power spectra
are unsuitable. The limitations of the
more advanced Lomb-Scarglemethod
are discussed, and a method is pre-
sented that circumvents problems
due to data gaps, noise, and nonstatio-

narity. A given time series is divided into several overlapping subintervals, with a Lomb-Scargle derived spectrum
calculated for each subinterval. The mean spectrum representative of the entire time series is obtained by aver-
aging results for those subintervals, for which the power spectral density integral is equal to the variance in the
time domain, within a reasonable tolerance.

To quantify the term “reasonable tolerance,” 100 synthetic datasets are used. It has been shown that even in
the absence of data gaps, the term ξ in equation (6) is not necessarily zero. By analyzing the distribution of
the maximum discrepancies for all of the 100 test cases, a value of 4% is obtained as the reasonable value
for the relative tolerance Δξ . This is then applied to spectral calculations with real tilt data obtained at
Wallops Island between 2 October and 11 October 2013. Results obtained using this method (Figures 7
and 8) are compared to those obtained without filtering (Figure 5) and with a filtering based on the size of
the data gaps (Figure 6). The proposed approach provides clean and smooth results revealing largely
expected properties of the thermospheric wave activity. For example, the peak frequency in the spectra
decreases with the altitude indicating a transfer of energy from waves with periods of tens of minutes to
waves with periods of more than 1 h.

The fundamental assumptions behind equations (5) and (6) require some discussion. Under ideal conditions,
the integral over the entire PSD must equal the time domain variance. In practice, the integral is performed
over a limited bandwidth, in this case covering periods from 4min to 4 h. At ionospheric altitudes, the diurnal,
semidiurnal, and terdiurnal tidal modes constitute an additional source of variability. Since the periods of tidal
modes are 24, 12, and 8 h, respectively, their contributions are not included in the sum on the left-hand side
of equations (5) and (6), while the impact on the actual ionospheric variability is present. Using a window of
larger size is not desirable due to the high variability of the AGW spectrum that would result in much higher
values for ξ0. The net effect is that results for some subintervals may be discarded if the tidal amplitudes are
significant when compared to the total AGW activity. However, this is unlikely to be a systematic problem: the
bandwidth occupied by the tidal harmonics is infinitesimal in comparison to that occupied by the AGW
spectrum, and their resulting contribution to the PSD integral is generally small.

Finally, a remark on the general validity of the results obtained in section 4 is needed. The value ξ0 = 0.04 · σ2

and the results in Figure 4 are partially dependent on the specifics of the synthetic datasets used (through
the parameters in equation (7)). The values chosen herewere intended to produce a dataset with characteristics
similar to those found in Dynasonde-derived tilt data. While this method is generally valid and applicable to any
type of data, the value of 4% for Δξ may not be. Determining an appropriate value for different applications is
possible by following the methodology outlined by us in section 4, with a suitable expression for A(f).

The innovative method described here provides good spectral estimates in the presence of extensive
data gaps. Starting from Dynasonde-derived tilt measurements, the AGW spectrum can be correctly
obtained and its variation with altitude observed. The method is based on fundamental principles of
spectral analysis and has a wide applicability for other types of data characterized by similarly smooth
power spectra.

Figure 8. Same as Figure 7 but for Y (west-east) tilt data.
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